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COUNTING ELLIPTIC CURVES WITH LOCAL CONDITIONS AND ITS
APPLICATIONS
PETER J. CHO† AND KEUNYOUNG JEONG⋆
Abstract. In this paper, we compute the number of elliptic curves with given local conditions,
for example, having good reduction at p. As applications, we give an upper bound of n-th
moments of analytic ranks of elliptic curves, and an upper bounds for the probability that an
elliptic curve has analytic rank ≤ a for a ≥ 11 under GRH for elliptic L-functions.
1. Introduction
In [Bru92], the author shows that the number of elliptic curves whose height is less than X
is 4ζ(10)X
5
6 + O(X
1
2 ). In this paper, we will compute the number of elliptic curves with a given
local condition at prime p ≥ 5. Here a local condition at p means one of good reduction, bad
reduction, multiplicative reduction, additive reduction, ap in the Weil bound
[1], split and non-split
reduction, or one of the Kodaira–Ne´ron type.
Before stating the main results, we explain the model of elliptic curves in our consideration.
We treat elliptic curves of the form:
(1.1) EA,B : y
2 = x3 +Ax+B, A,B ∈ Z if a prime q satisfies q4 | A, then q6 ∤ B.
We denote the prime condition by (M). Elliptic curves in this model might be not minimal at 2
and 3 but are minimal at all primes q ≥ 5. Also, each isomorphism class of elliptic curves appears
in this model exactly one time. We define a naive height of EA,B by
H(EA,B) := max(|A|3, |B|2).
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[1]An elliptic curve E satisfies a local condition ap if ap(E) = ap.
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The family of our interest is
(1.2) E(X) := {(A,B) ∈ Z2 : 4A3 + 27B2 6= 0,H(EA,B) ≤ X, and (A,B) satisfies (M)}.
We compute the cardinalities of various subsets of E(X) with a local condition at a prime p.
Let
Egoodp (X) = {(A,B) ∈ E(X) : EA,B has good reduction at the prime p},
Ebadp (X) = {(A,B) ∈ E(X) : EA,B has bad reduction at the prime p}.
Let Esplitp (X), Enonsplitp (X), and Eadditivep (X) be the sets of elliptic curves with split/nonsplit
multiplicative reduction, and additive reduction at p respectively. Then, we have
Theorem 1.1. For 5 ≤ p ≤ X 13 ,∣∣∣Egoodp (X)∣∣∣ = p2 − pp2 p10p10 − 1 4ζ(10)X 56 +O(pX 12 ),∣∣∣Ebadp (X)∣∣∣ = p10 − pp11 p10p10 − 1 4ζ(10)X 56 +O(pX 12 ),
|Enonsplitp (X)| = |Esplitp (X)| =
p− 1
2p2
p10
p10 − 1
4
ζ(10)
X
5
6 +O(X
1
2 ),
|Eadditivep (X)| =
p9 − p
p11
p10
p10 − 1
4
ζ(10)
X
5
6 +O(pX
1
2 ).
We can count elliptic curves with good reduction at p in a finer way. Let ap(E) = p+1−♯E(Fp).
Then, we have |ap(E)| ≤ ⌊2√p⌋, which is the Weil’s bound. We can count elliptic curves with
ap = a for any a satisfying |a| ≤ ⌊2√p⌋.
Theorem 1.2. Let
Eap (X) := {(A,B) ∈ E(X) : ap(EA,B) = a}.
Then, we have, for a prime 5 ≤ p ≤ X 13 ,
|Eap (X)| =
(p− 1)H(a2 − 4p)
2p2
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
(p − 1)H(a
2 − 4p)
2p
X
1
2 )
)
,
where H(·) is a Hurwitz class number.
We also count elliptic curves with bad reduction at p in a finer way. Bad reduction is represented
by one of the Kodaira–Ne´ron types. Let
ETp (X) := {(A,B) ∈ E(X) : EA,B has a Kodaira–Ne´ron type T at the prime p}.
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We can count elliptic curves with type T at a prime p.
Theorem 1.3. For a prime 5 ≤ p ≤ X
1
3mT ,∣∣ETp (X)∣∣ = CT (p) 4ζ(10)X 56 +O(pcTX 12 ),
where CT (p), cT and mT ’s are given in the below table.
Kodaira-Ne´ron Type CT (p) cT mT
Im
1
pm
(
1− 1p
)2
p10
p10−1 1 m+ 1
II 1
p2
(
1− 1p
)
p10
p10−1 0 2
III 1p3
(
1− 1p
)
p10
p10−1 0 3
IV 1p4
(
1− 1p
)
p10
p10−1 0 4
IV∗ 1
p7
(
1− 1p
)
p10
p10−1 −1 6
III∗ 1
p8
(
1− 1p
)
p10
p10−1 −3 5
II∗ 1
p9
(
1− 1p
)
p10
p10−1 −2 7
I∗m
1
pm+5
(
1− 1p
)2
p10
p10−1 1 m+ 6
I∗0
1
p5
(
1− 1p
)
p10
p10−1 1 5
We can count elliptic curve not only with a single local condition but also with a finitely many
local conditions. Let S = (LCpi) be a finite set of local conditions, where LCp can be good, bad,
split, non-split, additive, ap, or T . We also definemi = mT when LCpi = T , and 1 for other cases.
Let |LCp| be the probability given in Theorems 1.1, 1.2, and 1.3 and, let us define |S| =
∏
i |LCpi |.
Let
ES(X) = {(A,B) ∈ E(X) : EA,B satisfies S} .
In the following theorem, we show that these conditions are independent.
Theorem 1.4. Let pi, i = 1, 2, · · · , n be distinct primes for which are greater than 3, and∏n
i=1 p
mi
i ≤ X
1
3
−ǫ for any ǫ > 0. Then, we have
ES(X) = |S| 4
ζ(10)
X
5
6 +O
((
n∏
i=1
cpi
)
X
1
2
)
,
where cpi = |LCpi |
(
p10i −1
p10i
)
pmii . We note that when LCp = a, then cp = p−12p H(a2 − 4p).
In [Wat08, §3.4], Watkins predicted probabilities for Kodaira–Ne´ron types at a prime p ≥ 5
with a heuristic approach. Our results agree with those in [Wat08]. Also, we found a result
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[BCD11] of counting elliptic curves with a local condition ap. In [BCD11] they consider the
family of elliptic curves y2 = x3 + Ax + B without the minimality condition (M), hence it
contains many isomorphic elliptic curves. Their dominant error term is O(X
5
6 /p), which is much
weaker than O(H(a2− 4p)X 12 ) in Theorem 1.2 for a small prime p. It is worth to remark that in
[Won01], the author used a similar method to show that about 17.9% of elliptic curves over the
rational numbers are semistable.
In this paper, we give two applications of Theorem 1.1 - 1.4. The first one is about the
distribution of analytic ranks of elliptic curves over the rational numbers. Let P (rE ≥ a) be
the proportion of elliptic curves with analytic rank rE ≥ a. We give a numerical bound for
P (rE ≥ a).
Theorem 1.5. Assume GRH for elliptic L-functions. Let C be a positive constant, let n a
positive integer. We have
P (rE ≥ (1 + C)9n) ≤
∑n
k=0
(2n
2k
) (
1
2
)2n−2k
(2k)!
(
1
6
)k
(C · 9n)2n .
Now, we can give a numerical evidence that there are at most a small proportion of elliptic
curves with large analytic ranks.
Corollary 1.6. Assume GRH for elliptic L-functions. Let f(t) =
∑t
k=0
(2t
2k
) (
1
2
)2t−2k
(2k)!
(
1
6
)k
.
Then,
(1) P (rE ≤ a) ≥ 1− f(1)(a−8)2 for 11 ≤ a ≤ 17.
(2) P (rE ≤ a) ≥ 1−min1≤l≤n
{
f(l)
(a+1−9l)2l
}
for 9n ≤ a ≤ 9n+ 8, n ≥ 2.
For small a’s, P (rE ≤ a) is recorded in the following table.
a P (rE ≤ a) a P (rE ≤ a) a P (rE ≤ a) a P (rE ≤ a)
11 ≥ 0.935185 16 ≥ 0.990885 21 ≥ 0.996548 26 ≥ 0.999812
12 ≥ 0.963541 17 ≥ 0.992798 22 ≥ 0.998033 27 ≥ 0.999877
13 ≥ 0.976666 18 ≥ 0.994166 23 ≥ 0.999051 28 ≥ 0.999916
14 ≥ 0.983796 19 ≥ 0.995179 24 ≥ 0.999488 34 ≥ 0.999985
15 ≥ 0.988095 20 ≥ 0.995949 25 ≥ 0.999699 35 ≥ 0.999988
Remark. (1) The model of [PPVW19] conjectures that there are only finitely many elliptic curves
with rank > 21, and we show that the proportion of elliptic curves with analytic rank > 21 is
less than 0.0035 under the GRH for elliptic L-functions.
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(2) Heath-Brown’s result [H-B04, Theorem 2] seems stronger than ours for a very large rank a.
However, our emphasis is on a small rank a not a large rank a. Theorem 1.5 is not an explicitation
of the implicit constant in [H-B04, Theorem 2], and our method of the proof is different. For the
proof, we establish the Frobenius trace formula for elliptic curves (Theorem 3.1), which is a new
tool for elliptic curves. In the process of proof, we encounter the following inequality:∣∣∣∣{E ∈ E(X)|rE ≥ 1 + Cσ2n }
∣∣∣∣ (Cσ2n4
)2n
≤
∑
E∈E(X)
(
− 2
logX
∑
mi
âE(mi)Λ(mi)√
mi
φ̂2n
(
logmi
logX
))2n
.
Since, using the Frobenius trace formula, we have the equality
∑
E∈E(X)
(
− 2
logX
∑
mi
âE(mi)Λ(mi)√
mi
φ̂2n
(
logmi
logX
))2n
=
(
σ22n
4
)2n ∑
S2⊂{1,2,3,...,2n}
(
1
2
)|Sc2|
|S2|!
(
1
6
)|S2|/2
|E(X)| +O
(
X
5
6
logX
)
,
we don’t lose any information for the inequality. See [H-B04, Sec. 7]. Our approach is in the
same spirit with Katz and Sarnak’s n-level density conjecture. For the introduction to the n-level
density conjecture and some partial results, we refer to [Rub, Mil, CK15].
(3) In the proof of the Frobenius trace formula, Theorem 3.1, we use similar arguments in
[CK15]. The new feature here is the Eichler-Selberg trace formula which replaces the role of
orthogonality of characters in [CK15].
(4) For algebraic ranks, we remark that the recent development of [BS15, BS] gives better
bounds than ours. Since the average of the order of Sel5(E/Q) is 6 by [BS], we have
P (rE ≥ a)5a ≤ 6
by the exact sequence
0→ E(Q)
5E(Q)
→ Sel5(E/Q)→X(E/Q)[5]→ 0.
Hence for example, P (rE < 20) is bounded by 1 − 6/520 ≈ 0.99999999999993708544. However,
for the average of analytic ranks, Young’s bound 2514 [You06] under GRH is the best record. It
gives a bound for P (rE ≥ a), which is 2514a .
The second application is regarding the moments of the analytic ranks of elliptic curves. One
can show that the limsup of n-th moments of analytic ranks of elliptic curves exist, by applying
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the result of Heath-Brown [H-B04, Theorem 2]. Using an approach of Miller [Mil], we propose
an explicit upper bound on the n-th moment of analytic ranks for every positive integer n.
Theorem 1.7. Assume GRH for elliptic L-functions. Let rE be the analytic rank of an elliptic
curve E. Let σn =
2
9n for a positive integer n. For every positive integer n, we have
lim sup
X→∞
1
|E(X)|
∑
E∈E(X)
rnE ≤
∑
S
(
1
σn
)|Sc| ∑
S2⊂S
|S2|even
(
1
2
)|Sc2|
|S2|!
(
1
6
)|S2|/2
.
where S runs over subsets of {1, 2, 3, . . . , n}, and S2 runs over subsets of even cardinality of the
set S. In particular, the limit sup of the 2nd moment of analytic ranks is bounded by 90.584 and
the limit sup of the 3rd moment of analytic ranks is bounded by 2758.
In Section 2, we give a proof for Theorem 1.1 - 1.4. In Section 3, we state and give a proof for
the Frobenius trace formula for elliptic curves. Section 4 is devoted for the proof for Theorem
1.5 and 1.7.
2. Counting Elliptic Curves
In this section, we count elliptic curves with given local conditions. We recall the notations
and the proof of [Bru92]. Let
D(X) := {(A,B) ∈ Z2 : |A| ≤ X 13 , |B| ≤ X 12 }, M(X) := {(A,B) ∈ D(X) : (A,B) satisfies (M)},
and S(X) be the unique subset of D(X) satisfying M(X) = E(X)∐S(X). We note that
|S(X)| = O(X 16 ). We further define D′(X) := D(X)−{(0, 0)}. For any EA,B for (A,B) ∈ D′(X),
there is the unique d such that EA,B = Ed4a,d6b and (a, b) ∈ M(X). Let d ∗ Ea,b := Ed4a,d6b and
d ∗ (a, b) := (d4a, d6b). Then we have
D′(X) =
X
1
12∐
d=1
d ∗M(d−12X).
It directly implies |D′(X)| =∑X 112d=1 |M(d−12X)|. For a complex valued functions G defined over
[1,X] and a positive real number c, and a function F is given by
F (X) =
∑
m≤X 1c
G(
X
mc
).
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A Mo¨bius inversion formula gives
(2.1) G(X) =
∑
n≤X 1c
µ(n)F (
X
nc
).
Let F (X) := |D′(X)|, G(X) := |M(X)|, and c = 12. Then, (2.1) implies that
|M(X)| = 4
ζ(10)
X
5
6 +O(X
1
12 ),
since |D′(X)| = (2⌊X 13 ⌋+ 1)(2⌊X 12 ⌋+ 1). Hence, [Bru92, Lemma 4.3]
(2.2) |E(X)| = 4
ζ(10)
X
5
6 +O(X
1
2 )
follows.
2.1. With a single local condition. In this section, we give proofs of Theorems 1.1, 1.2, and
1.3. For positive integers m and n, we say α ∈ Z/pmZ is divided by pn if n < m and α = apn
for some a ∈ Z/pmZ, and exactly divided by pn if there exists u ∈ (Z/pmZ)× such that α = upn.
Let
Dpm,α,β(X) := {(A,B) ∈ D(X) : (A,B) ≡ (α, β) (mod pm)},
and
Mpm,α,β(X) := {(A,B) ∈ Dpm,α,β(X) : (A,B) satisfies (M)},
for (α, β) ∈ (Z/pmZ)2 such that p4 ∤ α or p6 ∤ β. For nonzero (α, β) ∈ (Z/pmZ)2 such that p4 ∤ α
or p6 ∤ β, we define
Epm,α,β(X) := {(A,B) ∈ Mpm,α,β(X) : 4A3 + 27B2 6= 0},
and Spm,α,β(X) as the unique set satisfying Mpm,α,β(X) = Epm,α,β(X)
∐Spm,α,β(X). Then, an
element inMpm,α,β(X) (resp. Spm,α,β(X), Epm,α,β(X)) represents a curve y2 = x3+Ax+B (resp.
singular curve, elliptic curve) whose mod pm reduction is a curve given by y2 = x3+αx+β, and
H(EA,B) ≤ X.
For an analogue of (2.2), we need to calculate Dpm,α,β(X) and to find a relation between
Dpm,α,β(X) and Mpm,α′,β′(X).
Lemma 2.1. Let m ≤ C,n ≤ D and α ∈ Z/mZ, β ∈ Z/nZ. The cardinality of a set
{(c, d) ∈ Z2 : |c| ≤ C, |d| ≤ D, (c, d) ≡ (α, β) (mod Z/mZ× Z/nZ)},
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is
4 ·

⌊C+1m ⌋ · ⌊D+1n ⌋+ ⌊C+1m ⌋+ ⌊D+1n ⌋+ 1 if α ≤ (C + 1) and β ≤ (D + 1),
⌊C+1m ⌋ · ⌊D+1n ⌋+ ⌊D+1n ⌋ if α > (C + 1) and β ≤ (D + 1),
⌊C+1m ⌋ · ⌊D+1n ⌋+ ⌊C+1m ⌋ if α ≤ (C + 1) and β > (D + 1),
⌊C+1m ⌋ · ⌊D+1n ⌋ if α > (C + 1) and β > (D + 1),
where (C + 1) (resp. (D + 1)) is the residue of (C + 1) modulo m (resp. (D + 1) modulo n).
Proof. In a big box {(c, d) ∈ Z2 : 0 ≤ c ≤ C, 0 ≤ d ≤ D}, there are ⌊C+1m ⌋ · ⌊D+1n ⌋ number of
(m × n)-boxes, ⌊C+1m ⌋ number of m × (D + 1)-boxes, ⌊D+1n ⌋ number of (C + 1) × n-boxes, and
one (C + 1)× (D + 1)-box. 
Lemma 2.2. For a nonzero (α, β) ∈ (Z/pmZ)2 such that p4 ∤ α or p6 ∤ β,
Dpm,α,β(X) =
∐
d≤X 112
p∤d
d ∗Mpm,d−4α,d−6β(d−12X).
Furthermore,
|Mpm,α,β(X)| =
∑
d≤X 112
p∤d
µ(d)|Dpm,d−4α,d−6β(d−12X)|.
Proof. We can check that d ∗M’s on the right hand side are disjoint. Since the set {d′ ∈ Z+ :
d′4 | A, d′6 | B} is finite nonempty for all (A,B) ∈ Dpm,α,β(X), there is the maximal element.
We denote this maximal element by d = dA,B. Then, EA,B = d ∗ Ea,b for A = d4a and B = d6b.
Furthermore (a, b) satisfies property (M) because d is maximal. Also p ∤ d since p4 ∤ α or p6 ∤ β,
and |a| = d−4A ≤ (d−12X) 13 , |b| = d−6B ≤ (d−12X) 12 . Therefore,
Dpm,α,β(X) ⊂
∐
d≤X 112
p∤d
d ∗Mpm,d−4α,d−6β(d−12X).
For the converse inclusion, let (a, b) ∈ Mpm,d−4α,d−6β(d−12X) for p ∤ d. In other word,
(a, b) ≡ (d−4α, d−6β) (mod pm), |a| ≤ (d−12X) 13 , |b| ≤ (d−12X) 12 .
It is equivalent to
(d4a, d6b) ≡ (α, β) (mod pm), |d4a| ≤ X 13 , |d6b| ≤ X 12 .
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Therefore, (A,B) satisfying EA,B = d ∗ Ea,b for (a, b) ∈ Mpm,d−4α,d−6β(X) is in Dpm,α,β(X).
Hence we have the first equality. For the second one,∑
n≤X 112
p∤n
µ(n)|Dpm,n−4α,n−6β(
X
n12
)| =
∑
n≤X 112
p∤n
µ(n)
∑
n′≤ 1
n
X
1
12
p∤n′
|Mpm,(nn′)−4α,(nn′)−6β(
X
(nn′)12
)|
=
∑
nn′≤X 112
p∤n,n′
µ(n)|Mpm,(nn′)−4α,(nn′)−6β(
X
(nn′)12
)|
=
∑
k≤X 112
p∤k
|Mpm,k−4α,k−6β(
X
k12
)|
∑
d′|k
µ(d′) = |Mpm,α,β(X)|.

We first compute the size of the set of singular curves Spm,α,β(X).
Lemma 2.3. Let α, β ∈ Z/pmZ. Then, |Spm,α,β(X)| ≤ 4pmX
1
6 +O(1).
Proof. We have
|Spm,α,β(X)| ≤
∣∣{(A,B) ∈ D(X) : 4A3 + 27B2 = 0, (A,B) ≡ (α, β) (mod pm)}∣∣ .
Since A should be a square, we may assume that α is a square in Z/pmZ. Let α′ and A′ be an
element such that (α′)2 = α and (A′)2 = A. The number of A′ ≤ X 16 equivalent to ±α′ modulo
pm is less than (⌊ 2pmX
1
6 ⌋+1). If A is given, there are at most two choices for B, so the cardinality
of the set is bounded by 4pmX
1
6 +O(1). 
Proposition 2.4. For a prime 5 ≤ p ≤ X 13m and nonzero (α, β) ∈ (Z/pmZ)2 such that p4 ∤ α or
p6 ∤ β,
|Epm,α,β(X)| = 1
p2m
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
X
1
2
pm
)
.
Furthermore,
|Ep,0,0(X)| = p
8 − 1
p10 − 1
4
ζ(10)
X
5
6 +O(pX
1
2 ).
Proof. We have |Epm,α,β(X)| = |Mpm,α,β(X)| + O(|Spm,α,β(X)|), and |Spm,α,β(X)| ≪ O(X
1
6
pm ) by
Lemma 2.3. On the other hand
|Dpm,d−4α,d−6β(
X
d12
)| = 4X
5
6
p2md10
+O
(
X
1
2
pmd6
+
X
1
3
pmd4
)
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by Lemma 2.1 Together with Lemma 2.2, we have
|Epm,α,β(X)| = |Mpm,α,β(X)|+O(|Spm,α,β(X)|) =
∑
d≤X 112
p∤d
µ(d)|Dpm,d−4α,d−6β(
X
d12
)|+O
(
X
1
6
pm
)
=
∑
d≤X 112
p∤d
µ(d)
(
4X
5
6
p2md10
+O
(
X
1
2
pmd6
+
X
1
3
pmd4
+ 1
))
+O
(
X
1
6
pm
)
=
∞∑
d=1
p∤d
µ(d)
(
4X
5
6
p2md10
+O
(
X
1
2
pmd6
+
X
1
3
pmd4
))
+O
(
X
1
12 +
X
1
6
pm
)
−
∑
d≥X 112
p∤d
µ(d)
(
4X
5
6
p2md10
+O
(
X
1
2
pmd6
+
X
1
3
pmd4
))
=
4X
5
6
p2m
 ∞∑
d=1
p∤d
µ(d)
d10
+O
(
X
1
12
pm
+
X
1
2
pm
∞∑
d=1
1
d6
+
X
1
3
pm
∞∑
d=1
1
d4
+X
1
12 +
X
1
6
pm
)
=
1
p2m
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
X
1
2
pm
)
.
Hence we have the first one. On the other hand, (2.2) and
|E(X)| = |Ep,0,0(X)| +
∑
α,β∈(Z/pZ)×
|Ep,α,β(X)|,
give the result for |Ep,0,0(X)|. 
Proof of Theorem 1.1. We note that the number of elements in A := {(α, β) ∈ (Z/pZ)2 : 4α3 +
27β2 ≡ 0 (mod p)} is p. Now, the number of elliptic curves whose naive height is less than X,
and have good reduction at p ≥ 5 is
|Egoodp (X)| =
∑
(α,β)6∈A
|Ep,α,β(X)|.
By Proposition 2.4, we have
|Egoodp (X)| =
(p2 − p)
p2
p10
p10 − 1
4
ζ(10)
X
5
6 +O((p − 1)X 12 ).
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On the other hand, we have
|Ebadp (X)| = |Ep,0,0(X)| +
∑
(α,β)∈A
|Ep,α,β(X)| =
(
p9 − 1
p10 − 1
)
4
ζ(10)
X
5
6 +O(pX
1
2 ).

We note that this result match with Watkins’ heuristic [Wat08, §3.4]. We also remark that
the probability that E has bad reduction at p is not equal to p
p2
p10
p10−1 , since the main term of
estimates of |Ep,0,0(X)| is different with that of |Ep,α,β(X)| for nonzero (α, β).
Let K be an imaginary quadratic field and O be an order of K. We define the Hurwitz class
number H(O) by
H(O) :=
∑
O⊂O′⊂OK
2
|O′×|h(O
′),
where h(O′) is the class number of an order O′. We also write H(O) as H(D), when D is the
discriminant of O.
Proof of Theorem 1.2. By [Cox13, Theorem 14.18], we have∣∣{(α, β) ∈ (Z/pZ)2 : ap(Eα,β) = a}∣∣ = p− 1
2
H(a2 − 4p).
Therefore,
|Eap (X)| =
(p− 1)H(a2 − 4p)
2p2
p10
p10 − 1
4
ζ(10)
X
5
6 +O((p− 1)H(a
2 − 4p)
2p
X
1
2 )
by Proposition 2.4. 
Proof of Theorem 1.3. We note that when E has multiplicative reduction at p if and only if p ∤ A,
p ∤ B but 4A3 + 27B2 ≡ 0 (mod p), where p ≥ 5. We need the following elementary lemma for
elliptic curves with type Im.
Lemma 2.5. Let p ≥ 5 be a prime and m ≥ 1 be an integer. Then,∣∣∣{(α, β) ∈ ((Z/pmZ)×)2 : 4α3 + 27β2 ≡ 0 (mod pm)}∣∣∣ = pm(1− 1
p
)
,
and ∣∣∣{(α, β) ∈ ((Z/pZ)×)2 : 4α3 + 27β2 ≡ 0 (mod p), β = −β′2}∣∣∣ = p− 1
2
.
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Proposition 2.6. For a prime 5 ≤ p ≤ X 13(m+1) ,
|E Imp (X)| =
1
pm
(
1− 1
p
)2 p10
p10 − 1
4
ζ(10)
X
5
6 +O(pX
1
2 ).
Let Esplitp (X) (resp. Enonsplitp (X)) be the set of elliptic curves with split (resp. nonsplit) multi-
plicative reduction at p. Then for a prime 5 ≤ p ≤ X 13 ,
|Enonsplitp (X)| = |Esplitp (X)| =
p− 1
2p2
p10
p10 − 1
4
ζ(10)
X
5
6 +O(X
1
2 ).
Proof. We note that E has reduction type Im at p if and only if it has multiplicative reduction
and pm‖∆E . By Lemma 2.5, the number of (α, β) in ((Z/pm+1Z)×)2 satisfying
4α3 + 27β2 ≡ 0 (mod pm), 4α3 + 27β2 6≡ 0 (mod pm+1)
is pm(p− 1)2. By Proposition 2.4,
|E Imp (X)| =
pm(p− 1)2
p2m+2
p10
p10 − 1
4
ζ(10)
X
5
6 +O(pX
1
2 ).
Since EA,B has split multiplicative reduction at p if and only if B ≡ −β′2 modulo p for some
β′ ∈ F×p , the case for split multiplicative reduction follows by Proposition 2.4 and Lemma 2.5.
Since
|Enonsplitp (X)|+ |Esplitp (X)| =
p− 1
p2
p10
p10 − 1
4
ζ(10)
X
5
6 +O(X
1
2 ),
we get the non-split case. 
We note that the probability that an elliptic curve EA,B has reduction type Im at p is(
1− 1
p
)2 p10
pm(p10 − 1) ,
which coincides with the result of [Wat08].
If EA,B has additive reduction at p, then p divides both A and B. The following is a summary
of the results of the Tate algorithm:
Lemma 2.7. Let p ≥ 5 and EA,B : y2 = x3+Ax+B be a minimal model over Qp. Then, E has
Type II if and only if p | A, p‖B
Type III if and only if p‖A, p2 | B
Type IV if and only if p2 | A, p2‖B

Type II∗ if and only if p4 | A, p5‖B
Type III∗ if and only if p3‖A, p5 | B
Type IV∗ if and only if p3 | A, p4‖B
Furthermore, for the fixed positive integer m, an elliptic curve E has reduction type I∗m at p if
and only if p2‖A or p3‖B, and vp(4(A/p2)3 + 27(B/p3)2) = m.
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In all cases, the convolution (d4a, d6b) = d ∗ (a, b) only works for p ∤ d because the condition
p4 | A and p6 | B is not allowed.
Proposition 2.8. Let define |II|, |III|, |IV| by 2, 3, 4 and |II∗|, |III∗|, |IV∗|, by 10, 9, 8. Then,
|ETp (X)| =
(
1− 1
p
)
1
p|T |
p10
p10 − 1
4
ζ(10)
X
5
6 +O(X
1
2 )
for T ∈ {II, III, IV}, some integer mT and 5 ≤ p ≤ X
1
3mT , and
|ETp (X)| =
(
1− 1
p
)
1
p|T |−1
p10
p10 − 1
4
ζ(10)
X
5
6 +O(pcTX
1
2 )
for T ∈ {II∗, III∗, IV∗}, some integer cT ,mT and 5 ≤ p ≤ X
1
3mT .
Proof. In all cases, (α, β) ∈ (Z/pmZ)2 is a pair congruent to (A,B) modulo pm.
For the type II, an elliptic curve EA,B has type II at p if and only if (A,B) satisfies p | A and
p‖B by Lemma 2.7. In other word,
A ≡ 0, p, · · · , (p − 1)p, B ≡ p, · · · , (p − 1)p (mod p2).
So there are p(p− 1)-choices of (α, β) ∈ (Z/p2Z)2. Therefore,
|E IIp (X)| =
∑
α,β
|Ep2,α,β(X)| =
p(p− 1)
p4
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
p(p− 1)X
1
2
p2
)
.
For type III, the condition is p‖A and p2 | B. There are (p2 − p)p-choices of (α, β) ∈ (Z/p3Z)2.
Hence,
|E IIIp (X)| =
p(p2 − p)
p6
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
(p2 − p)pX
1
2
p3
)
.
For type IV, the condition is p2 | A and p2‖B. There are p2(p2 − p)-choices of (α, β) modulo p4.
Hence
|E IVp (X)| =
p2(p2 − p)
p8
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
p2(p2 − p)X
1
2
p4
)
.
For type IV∗, there are p3(p2 − p)-pairs (α, β) satisfying the condition p3 | A, p4‖B modulo p6.
So
|E IV∗p (X)| =
p3(p2 − p)
p12
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
p3(p2 − p)X
1
2
p6
)
.
For type III∗, there are (p2 − p)-pairs (α, β) satisfying the condition p3‖A, p5 | B modulo p5. So
|E III∗p (X)| =
p2 − p
p10
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
(p2 − p)X
1
2
p5
)
.
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For type II∗, there are p3(p2− p)-pairs (α, β) satisfying the condition p4 | A, p5‖B modulo p7. So
|E II∗p (X)| =
p3(p2 − p)
p14
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
p3(p2 − p)X
1
2
p7
)
.
We note that mT = 6, 5, 7 for T = IV
∗, III∗, II∗, 2, 3, 4 for T = II, III, IV, and cIV∗ , cIII∗ , cII∗ are
−1,−3,−2, respectively. 
We also note that the statements of the proposition match with those of [Wat08].
As Lemma 2.5, we need the following lemma for the elliptic curves with type I∗m.
Lemma 2.9. For m > 0, we have
|{(α, β) ∈ (Z/pm+6Z)2 : p2‖α, p3‖β, pm+6|| (4α3 + 27β2)}| = pm+5(p− 1)2.
For m = 0, we have
|{(α, β) ∈ (Z/p6Z)2 : p2‖α, p3‖β, p6‖ (4α3 + 27β2)}| = p6(p− 1).
Proposition 2.10. For m > 0 and 5 ≤ p ≤ X 13(m+6) ,
|E I∗mp (X)| =
(
1− 1
p
)2 1
pm+5
p10
p10 − 1
4
ζ(10)
X
5
6 +O(pX
1
2 ),
and when m = 0 and 5 ≤ p ≤ X 115 ,
|E I∗0p (X)| =
(
1− 1
p
)
1
p5
p10
p10 − 1
4
ζ(10)
X
5
6 +O(pX
1
2 ).
Proof. It follows from Proposition 2.4 and Lemma 2.9. More concretely,
|E I∗mp (X)| =
∑
α,β
|Epm+6,α,β(X)| =
pm+5(p− 1)2
p2m+12
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
pm+5(p− 1)2
pm+6
X
1
2
)
,
and
|E I∗0p (X)| =
∑
α,β
|Ep6,α,β(X)| =
p6(p− 1)
p12
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
p6(p− 1)
p6
X
1
2
)
.

Now, Theorem 1.3 follows from Proposition 2.6, 2.8, and 2.10. 
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2.2. With finitely many local conditions. In this section, we give a proof of Theorem 1.4.
Let P = {pmii } be a finite set of powers of primes such that pi ≥ 5, I = IP be a set of nonzero
(αi, βi) ∈ (Z/pmii Z)2. We also define a convolution on I by
d ∗ I := {(d4αi, d6βi)}.
We define two sets
DP,I(X) := {(A,B) ∈ D(X) : (A,B) ≡ (αi, βi) (mod pmii ) for all pmii ∈ P},
and
MP,I(X) := {(A,B) ∈ DP,I(X) : (A,B) satisfies (M)}.
Then, the analogue of Lemma 2.2 is as follows.
Lemma 2.11. Assume that all pairs in I satisfy p4i ∤ αi or p
6
i ∤ βi. Then,
DP,I(X) =
∐
d≤X 112
pi∤d
d ∗MP,d−1∗I(d−12X).
Hence,
|MP,I(X)| =
∑
d≤X 112
pi∤d
µ(d)|DP,d−1∗I(d−12X)|.
Proof. The proof is similar to the previous cases. Let (A,B) ∈ DP,I(X), and define d = dA,B as
the maximum element of the set {d ∈ Z+ : d4 | A, d6 | B}. Then, (A,B) = dA,B ∗ (a, b) that gives
(A,B)→ (a, b) DP,I(X)→MP,d−1∗I(d−12X).
Here d ≤ X 112 and pi ∤ d since p4i ∤ αi or p6i ∤ βi for all i.
If (a, b) ∈ MP,d−1∗I(X) for some d ≤ X
1
12 satisfying pi ∤ d, then (a, b) ≡ (d−4αi, d−6βi)
(mod pmii ) for all i. Since pi ∤ d for all i, it is equivalent to (d
4a, d6b) ≡ (αi, βi) (mod pmii ). Now,
(A,B) := (d4a, d6b) satisfies (A,B) ≡ (αi, βi) (mod pmii ) and |A| ≤ X
1
3 , |B| ≤ X 12 . Hence we
have the first equation and
|DP,I(X)| =
∑
d≤X 112
pi∤d
|MP,I(d−12X)|.
A similar computation in Lemma 2.2 gives the second one. 
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We also define
EP,I(X) := {(A,B) ∈ MP,I(X) : 4A3 + 27B2 6= 0},
and SP,I(X) as the unique set satisfying MP,I(X) = EP,I(X)
∐ SP,I(X). The bound of error
term SP,I(X) can be obtained by following lemma.
Lemma 2.12. For P, I such that p4i ∤ αi or p
6
i ∤ βi and for X satisfying X
1
6 ≥∏i pmii , we have
|SP,I(X)| ≤ 4
|I|∏
i p
mi
i
X
1
6 +O(1).
Proof. The proof is same with that of Lemma 2.3. 
Proposition 2.13. Assume that all pairs in I satisfy p4i ∤ αi or p
6
i ∤ βi, and
∏
pmii ≤ X
1
3 . Then,
|EP,I(X)| =
∏
i
(
1
p2mii
p10i
p10i − 1
)
4
ζ(10)
X
5
6 +O
(
X
1
2∏
pmii
)
.
Proof. One can easily get a CRT-version of Lemma 2.1. In other words, the cardinality of
{(A,B) ∈ Z2 : |A| ≤ X 13 , |B| ≤ X 12 , (A,B) ≡ (αi, βi) (mod pmii ) for all i}
is bounded by
4
((
⌊ X
1
3∏
i p
mi
i
⌋+ 1
)(
⌊ X
1
2∏
i p
mi
i
⌋+ 1
)
+
(
⌊ X
1
3∏
i p
mi
i
⌋+ 1
)
+
(
⌊ X
1
2∏
i p
mi
i
⌋+ 1
)
+ 1
)
.
Hence we have
DP,d−1∗I(d−12X) =
4X
5
6∏
i p
2mi
i d
10
+O
(
X
1
2∏
i p
mi
i d
6
+
X
1
3∏
i p
mi
i d
4
)
.
Following the proof of Proposition 2.4 with Lemma 2.11, we have
|EP,I(X)| = |MP,I(X)| +O(SP,I(X)) =
∑
d≤X 112
pi∤d
µ(d)|DP,d−1∗I(
X
d12
)|+O(SP,I(X))
=
∑
d≤X 112
pi∤d
µ(d)
(
4X
5
6∏
i p
2mi
i d
10
+O
(
X
1
2∏
i p
mi
i d
6
+
X
1
3∏
i p
mi
i d
4
))
+O(SP,I(X)).
Following the previous computations, we see that a CRT-modification for Lemma 2.1 changes 1p2
to
∏
i
1
p
2mi
i
, and (pi ∤ d)-condition gives
∏
i
p10i
p10
i
−1 as (p ∤ d)-condition gives
p10
p10−1 . Hence
|EP,I(X)| = 1∏
i p
2mi
i
∏
i
p10i
p10i − 1
4
ζ(10)
X
5
6 +O
(
X
1
2∏
i p
mi
i
)
+O(|SP,I(X)|).
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Note that since
∏
pmii ≤ X
1
3 implies 4|I| ≤ X 13 , we have O(|SP,I(X)|) = O(X 12 /
∏
pmii ). 
We recall some notations in Section 1. Let LCp be one of good, bad, split, non-split, an
integer ap in the Weil’s bound at p, or one of the Kodaira–Ne´ron types T . We define |LCp| as a
lim
X→∞
|ELCpp (X)|
|E(X)| , that is given in Theorem 1.1, 1.2, and 1.3. For the finite set of local conditions
S = (LCpi), we define |S| =
∏
i |LCpi |.
Now we are ready to prove Theorem 1.4. We first assume that any LCp is neither bad nor
additive. When S = (LCpi) is given, we define mi is 1 if LCpi is good, ap, split, or non-split, and
mT if LCpi = T . Let P = (pmii ), then in the proof of Theorem 1.1, 1.2 and 1.3, there are
|LCpi |
(
p10i − 1
p10i
)
p2mii
pairs (αi,j , βi,j) in (Z/p
mi
i Z)
2 such that EA,B satisfies LCpi if and only if (A,B) ≡ (αi,j , βi,j)
(mod pmii ) for some (αi,j , βi,j). Let Ipi = {(αi,j , βi,j)} be the set of all the forementioned pairs.
Let I =
∏
Ipi . We denote an element of I by (α, β) whose Ipi component is (αi,j, βi,j),
and define (A,B) ≡ (α, β) (mod P ) if and only if (A,B) ≡ (αi,j, βi,j) (mod pmii ). By Chinese
remainder theorem, there are ∏
i
|LCpi |
(
p10i − 1
p10i
)
p2mii
elements (α, β) in I such that EA,B satisfies all LCpi if and only if (A,B) ≡ (α, β) (mod P ) for
some (α, β) in I. Together with Proposition 2.13, we have
|ES(X)| =
∑
I
|EP,I(X)| =
∑
I
(∏
i
(
1
p2mii
p10i
p10i − 1
)
4
ζ(10)
X
5
6 +O
(
X
1
2∏
pmii
))
=
(∏
i
|LCpi |
)
4
ζ(10)
X
5
6 +O
(∏
i
|LCpi |
(
p10i − 1
p10i
)
pmii X
1
2
)
= |S| 4
ζ(10)
X
5
6 +O
(∏
i
|LCpi |
(
p10i − 1
p10i
)
pmii X
1
2
)
.
Hence we proved this theorem except when there is a local condition LCp which is either bad or
additive.
We use an induction on the number of LCp’s that are bad. Let S = (LCp) be a finite set
of local conditions such that there is an LCpn which is bad, and S ′ = S − LCpn . By induction
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hypothesis for S ′ ∪ LC′pn where LC′pn is good, we have
|ES′∪LC′pn (X)| = |S ′|p
2
n − pn
p2n
p10n
p10n − 1
4
ζ(10)
X
5
6 +O
((
n−1∏
i=1
cpi
)
pnX
1
2
)
.
Again by induction hypothesis for S ′, we have
|ES′(X)| = |S ′| 4
ζ(10)
X
5
6 +O
((
n−1∏
i=1
cpi
)
X
1
2
)
.
Since |ES′(X)| = |ES′∪LC′pn (X)| + |ES(X)|, we can count elliptic curves with bad reduction con-
ditions.
We can do the same thing for additive condition because additive condition is the complement
of the union of the conditions good, split, and non-split.
3. The Frobenius Trace formula for elliptic curves
Let L(s,E) be the normalized elliptic L-function and for which we have
L(s,E) =
∞∑
n=1
λE(n)
ns
, −L
′
L
(s,E) =
∞∑
n=1
âE(n)Λ(n)
ns
.
Here is the Frobenius trace formula for elliptic curves.
Theorem 3.1. [Frobenius Trace Formula for Elliptic Curves] Let k be a fixed positive integer.
Let pi be distinct primes ≥ 5 such that
∏k
i=1 pi = O(X
1
3
−ǫ) for a fixed positive ǫ > 0. Assume
ei = 1 or 2, and ri is odd or 2 if ei = 1, ri = 1 if ei = 2 for i = 1, . . . , k. Then,∑
E∈E(X)
âE(p
e1
1 )
r1 âE(p
e2
2 )
r2 · · · âE(pekk )rk = c|E(X)| +Ok
(
2r
(
k∏
i=1
pi
)
X
1
2
)
+Ok
((
k∑
i=1
1
pi
)
X
5
6
)
where
c =

0 if ej = 1 and rj is odd for some j,
−1 if rj = 2 for all j with ej = 1, and the sum of rj ’s with ej = 2 is odd,
1 otherwise.
and r is either the smallest odd integer ri or 0 if there is no odd ri, and the last error term exists
only if ei = 1 and ri = 2 or ei = 2 for all i.
Also, we have∑
E∈E(X)
λE(p
e1
1 )
r1λE(p
e2
2 )
r2 · · ·λE(pekk )rk = d|E(X)| +Ok
(
2r
(
k∏
i=1
pi
)
X
1
2
)
+Ok
((
k∑
i=1
1
pi
)
X
5
6
)
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where
d =
{
0 if ej = 2 or ej = 1 and rj is odd for some j,
1 if ei = 1 and ri = 2 for all i.
and the last error term exists only if ei = 1 and ri = 2 or ei = 2 for all i.
We give a proof of Theorem 3.1 for one prime and two primes. First, we consider∑
E∈E(X)
âE(p)
r =
∑
|a|≤⌊2√p⌋
∑
E∈E(X)
ap(E)=a
âE(p)
r +
∑
E∈E(X)
E multi red at p
âE(p)
r +
∑
E∈E(X)
E add red at p
âE(p)
r
for an odd r. By Theorem 1.2 for |a| ≤ ⌊2√p⌋, there are
(p− 1)H(a2 − 4p)
2p2
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
(p− 1)H(a
2 − 4p)
2p
X
1
2
)
elliptic curves in E(X) with âE(p) = a/√p. Since
∑
|a|≤⌊2√p⌋ a
rH(a2 − 4p) = 0, only the contri-
bution from the error term survives and it is at most O(2rpX
1
2 ) because
p− 1
2p
∑
|a|≤⌊2√p⌋
( |a|√
p
)r
H(a2 − 4p) ≤ 2r−1 p− 1
p
∑
|a|≤⌊2√p⌋
H(a2 − 4p) = 2r(p− 1).
If an elliptic curve E has additive reduction at a prime p, then âE(p) = 0. So there is no
contribution from the additive reduction case. If E has split (resp. non-split) multiplicative
reduction, then âE(p) = 1/
√
p (resp. âE(p) = −1/√p). There are
p− 1
2p2
p10
p10 − 1
4
ζ(10)
X
5
6 +O(X
1
2 )
elliptic curves in E(X) with the split prime p, and also there are the same number of elliptic
curves with the non-split prime p up to error term O(X
1
2 ), by Theorem 1.1. The contribution
from multiplicative reduction is O(X
1
2 /p
r
2 ), hence we have∑
E∈E(X)
âE(p)
r = O(2rpX
1
2 ).
The next case is ∑
E∈E(X)
âE(p)
2
20 PETER CHO AND KEUNYOUNG JEONG
From the identity
∑
|a|≤⌊2√p⌋ a
2H(a2−4p) = 2p2−2 which is an application of the Eichler–Selberg
trace formula [Bir68],[2] the contribution for good reductions at p is∑
|a|≤⌊2√p⌋
∑
E∈E(X)
aE(p)=a
âE(p)
2 =
(
1 +O
(
1
p
))
4
ζ(10)
X
5
6 +O(pX
1
2 ),
and the contribution from the multiplicative reduction is
∑
E∈E(X)
E multi red at p
âE(p)
2 =
p− 1
p3
p10
p10 − 1
4
ζ(10)
X
5
6 +O
(
X
1
2
p
)
.
Hence we have ∑
E∈E(X)
âE(p)
2 =
4
ζ(10)
X
5
6 +O
(
X
5
6
p
+ pX
1
2
)
.
The last case for a single prime p is ∑
E∈E(X)
âE(p
2).
Note that âE(p
2) = âE(p)
2 − 2 when E has good reduction at p, and âE(p2) = âE(p)2 when E
has bad reduction at p. Then, from the computation for the previous case, we can see easily that
∑
E∈E(X)
âE(p
2) = − 4
ζ(10)
X
5
6 +O
(
X
5
6
p
+ pX
1
2
)
,
which is exactly the trace formula for one prime in Theorem 3.1.
Now, we consider the trace formula for two primes∑
E∈E(X)
âE(p
e1
1 )
r1 âE(p
e2
2 )
r2 .
Assume that e1 = 1 and r1 is odd. Fix a local condition for the second prime p2. We vary the
local conditions for the first prime p1, and this gives O(2
r1p1cp2X
1
2 ). Then we sum up this term
over all local conditions for p2, the error term O(2
r1p1p2X
1
2 ) follows.
Now, we need to deal with the cases ei = 1 and ri = 2 or ei = 2 and ri = 1 for i = 1, 2.
First, we consider the cases LCp1 = a1, and LCp2 = a2 for |a1| ≤ ⌊
√
p1⌋, |a2| ≤ ⌊√p2⌋. Their
[2]There is a typo in [Bir68, Theorem 2].
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contribution is, for example r1 = r2 = 2,(
2∏
i=1
(pi − 1)p10i
2p3i (p
10
i − 1)
)
4
ζ(10)
X
5
6 ·
∑
|a1|≤⌊√p1⌋,|a2|≤⌊√p2⌋
a21H(a
2
1 − 4p1)a22H(a22 − 4p2)
+O
 ∑
|a1|≤⌊√p1⌋,|a2|≤⌊√p2⌋
a21H(a
2
1 − 4p1)a22H(a22 − 4p2)
(2p1)(2p2)
X
1
2
 ,
which is, by the identity
∑
|a|≤⌊√p⌋ a
2H(a2 − 4p) = 2p2 − 2,
4
ζ(10)
X
5
6 +O
((
1
p1
+
1
p2
)
X
5
6 + p1p2X
1
2
)
.
Since the case that p1 or p2 has multiplicative reduction, using the trivial bound for
âE(p
e1
1 )
r1 âE(p
e2
2 )
r2 , gives O
((
1
p21
+ 1
p22
)
X
5
6
)
, we verify the trace formula for r1 = r2 = 2 case.
The other three cases can be handled similarly and we have∑
E∈E(X)
âE(p
e1
1 )
r1 âE(p
e2
2 )
r2 = (−1)r1+r2 4
ζ(10)
X
5
6 +O
((
1
p1
+
1
p2
)
X
5
6 + p1p2X
1
2
)
.
For a general k primes, we can prove the trace formula in the same way.
For λE(p
e), we note that λE(p) = âE(p) and λE(p
2) = âE(p)
2 − 1 if E has good reduction at
p and λE(p
2) = âE(p)
2 otherwise. Hence, we can prove the trace formula for λE(n) similarly.
4. The distribution of analytic ranks of elliptic curves
From now on, assume that every elliptic L-function satisfies Generalized Riemann Hypothesis.
Let γE denote the imaginary part of a non-trivial zero of L(s,E). We index them using the
natural order in real numbers:
· · · γE,−3 ≤ γE,−2 ≤ γE,−1 ≤ γE,0 ≤ γE,1 ≤ γE,2 ≤ γE,3 · · ·
if analytic rank rE is odd,
· · · γE,−3 ≤ γE,−2 ≤ γE,−1 ≤ 0 ≤ γE,1 ≤ γE,2 ≤ γE,3 · · ·
otherwise.
In this section, first we obtain an upper bound on every n-th moment of analytic ranks of elliptic
curves and obtain a bound on the proportion of elliptic curves with analytic rank rE ≥ (1+C)9n
for a positive constant C and a positive integer n. For this purpose, we compute an n-level
density with multiplicity. See [Mil, Part VI].
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For σn =
2
9n , we choose the following test function.
φ̂n(u) =
1
2
(
1
2
σn − 1
2
|u|
)
for |u| ≤ σn, and φn(x) =
sin2(2π 12σnx)
(2πx)2
.
Note that φn(0) =
σ2n
4 and φ̂n(0) =
σn
4 . We can understand the constant
2
9 as the limit of our
trace formula. Then, easily we can check
Lemma 4.1. ∫
R
|u|φ̂n(u)2 = 1
6
φn(0)
2.
The n-level density with multiplicity is
D∗n(E ,Φ) =
1
|E(X)|
∑
E∈E(X)
∑
j1,j2,...,jn
φn
(
γE,j1
logX
2π
)
φn
(
γE,j2
logX
2π
)
· · ·φn
(
γE,jn
logX
2π
)
,
where γE,jk is an imaginary part of jk-th zero of L(s,E). Then, trivially we have
1
|E(X)|
∑
E∈E(X)
rnE ≤
1
φn(0)n
D∗n(E ,Φ).(4.1)
We show that for any n, D∗n(E ,Φ) has a closed expression. By Weil’s Explicit formula,
∑
j
φn
(
γE,j
logX
2π
)
= φ̂n(0)
logNE
logX
− 2
2∑
k=1
∑
p
âE(p
k) log p
pk/2 logX
φ̂n
(
k log p
logX
)
+O
(
1
logX
)
≤ φ̂n(0) − 2
2∑
k=1
∑
p
âE(p
k) log p
pk/2 logX
φ̂n
(
k log p
logX
)
+O
(
1
logX
)
,
where the inequality holds due to logNE/ logX ≤ 1 +O(1/ logX) by Ogg’s formula [Sil, §11].
Hence, we have
1
|E(X)|
∑
E∈E(X)
∑
j1,j2,...,jn
φn
(
γE,j1
logX
2π
)
φn
(
γE,j2
logX
2π
)
· · · φn
(
γE,jn
logX
2π
)
≤ 1|E(X)|
∑
E∈E(X)
φ̂n(0)− 2
logX
∑
m<X
2
9n
âE(m) logm√
m
φ̂n
(
logm
logX
)
+O
(
1
logX
)
n
,
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where m’s are primes or squares of a prime. By the standard argument such as [Rub, Lemma 2]
or [CK15, Lemma 4.4], we can take the term O(1/ logX) out of the bracket, and we have
D∗n(E ,Φ) ≤
1
|E(X)|
∑
S
φ̂n(0)
|Sc|
(
− 2
logX
)|S|
×
∑
mi1 ,mi2 ,...,mik
Λ(mi1)Λ(mi2) · · ·Λ(mik)√
mi1mi2 · · ·mik
φ̂n
(
logmi1
logX
)
· · · φ̂n
(
logmik
logX
)
×
∑
E∈E(X)
âE(mi1)âE(mi2) · · · âE(mik) +O
(
1
logX
)
,
wheremi’s are primes or squares of a prime withmi ≤ X 29n and S = {ii, i2, . . . , ik} runs over every
subset of {1, 2, 3, · · · , n}. In next two propositions, we show that only the terms mi1mi2 · · ·mik =
 give the main term and the contribution of the other terms is O(1/ logX).
Proposition 4.2.∑
E∈E(X)
∑
mi1mi2 ...mik 6=
Λ(mi1) · · ·Λ(mik)âE(mi1) · · · âE(mik)√
mi1mi2 · · ·mik
φ̂n
(
logmi1
logX
)
· · · φ̂n
(
logmik
logX
)
≪ |E(X)|.
Proof. Note that âE(mi1)âE(mi2) · · · âE(mik) is of the form
âE(p1)
e1 âE(p2)
e2 · · · âE(pt)et âE(q21)l1 âE(q22)l2 · · · âE(q2s)ls ,
with with e1+ · · ·+ et + l1 + · · ·+ ls = k. Here p1, p2, . . . , pt are distinct primes and q1, q2, . . . , qs
are distinct primes, but some qj might be equal to some pi. For a while we assume that the
primes p1, . . . , pt, q1, . . . , qs are all distinct.
Since one of ei’s is odd by our assumption, then by the Frobenius trace formula 3.1,∑
E∈E(X)
âE(p1)
e1 âE(p2)
e2 · · · âE(pt)et âE(q21)l1 âE(q22)l2 · · · âE(q2s)ls = O(p1p2 · · · ptq1q2 · · · qsX
1
2 ).
The contribution of this case in the worst situation is at most
≪ X 12
 ∑
p<X
2
9n
p
1
2 log p

k
≪ X 12 (X 13n )n ≪ X 56 .
Now, we assume that some pi is equal to some qj. Since âE(q
2)l = (âE(q)
2 − 2)l if E has good
reduction at q and âE(q
2)l = âE(q)
2l otherwise, still we can use the Frobenius trace formula. 
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Proposition 4.3. For a subset S = {i1, i2, . . . , ik} of {1, 2, . . . , n},
1
|E(X)|
( −2
logX
)|S| ∑
E∈E(X)
∑
mi1mi2 ...mik=
 |S|∏
j=1
Λ(mij )âE(mij )√
mij
φ̂n
(
logmij
logX
)
=
∑
S2⊂S
|S2|even
(
1
2
φn(0)
)|Sc2|
|S2|!
(∫
R
|u|φ̂n(u)2du
) |S2|
2
+O
(
1
logX
)
.
Proof. In this proof, we compute the double sum not considering the term 1|E(X)|
(
−2
logX
)k
. We
show that every contribution except one is ≪ X 56 (logX)k−1, hence they become the error term
O(1/ logX) in the end.
Note that âE(mi1)âE(mi2) · · · âE(mik) is of the form
âE(p1)
e1 âE(p2)
e2 · · · âE(pt)et âE(q21)l1 âE(q22)l2 · · · âE(q2s)ls ,
with with e1 + · · · + et + l1 + · · · + ls = k and ei’s are all even. If ei ≥ 4 for some i or lj ≥ 2 for
some j, then by the trivial bound, this term is majorized by X
5
6 (logX)k−1. Let S2 be a subset
of S with even cardinality 2t:
S2 = {ia1 , ia2 , · · · , ia2t−1 , ia2t}, Sc2 = {ib1 , ib2 , · · · , ibs}.
There are (2t)!/2t ways to pair up two elements in S2. For example, we consider the following
pairings.
(ia1 , ia2), (ia3 , ia4), (ia5 , ia6), · · · , (ia2t−1 , ia2t).
This set of pairings corresponds the following sum∑
E∈E(X)
âE(pia1 )
2âE(pia3 )
2 · · · âE(pia2t−1 )2âE(q2ib1 )âE(q
2
ib2
) · · · âE(q2ibs )
where 2t+ s = k. By the Frobenius trace formula, the above sum is
|E(X)| ·
{
1 if s is even,
−1 if s is odd
+O
(
p1 · · · ptq1 · · · qsX
1
2 +
(
1
p1
+ · · ·+ 1
pt
+
1
q1
+ · · · 1
qs
)
X
5
6
)
.
The contribution from the error term O(p1 · · · ptq1 · · · qsX 12 ) is dominated by
(X
2
9n logX)t(X
1
9n )sX
1
2 ≪ X 12+ 2t+s9n (logX)t.
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The contribution from the error term O
((
1
p1
+ · · · + 1pt + 1q1 + · · · 1qs
)
X
5
6
)
is dominated by
X
5
6 (logX)k−1. The main term of the sum, after being divided by |E(X)|
(
logX
−2
)k
, gives rise to
t∏
i=1
(( −2
logX
)2∑
p
log2 p
p
φ̂n
(
log p
logX
)2)
×
s∏
j=1
(
2
logX
∑
q
log q
q
φ̂n
(
2 log q
logX
))
,
which equals, by the prime number theorem,(
2t
t∏
i=1
∫
R
|u|φ̂n(u)2du
)(1
2
)s s∏
j=1
∫
R
φ̂n(u)du
 .
Since there are (2t)!/2t ways to pair up two elements in S2, the claim follows. 
By Propositions 4.2 and 4.3, and Lemma 4.1 we have the following inequality
D∗n(E ,Φ) ≤ φn(0)n
∑
S
(
1
σn
)|Sc| ∑
S2⊂S
|S2|even
(
1
2
)|Sc2|
|S2|!
(
1
6
)|S2|/2
+O
(
1
logX
)
,
and, by (4.1), Theorem 1.7 follows.
4.1. Proof of Theorem 1.5. We choose the test function φ2n(x). Then φ̂2n(0) =
1
4σ2n, and
φ2n(0) =
1
4σ
2
2n.
By Weil’s explicit formula, we have
rEφ2n(0) ≤ φ̂2n(0) − 2
logX
∑
mi
âE(mi)Λ(mi)√
mi
φ̂2n
(
logmi
logX
)
+O
(
1
logX
)
,
hence
rE ≤ 1
σ2n
+
4
σ22n
(
− 2
logX
∑
mi
âE(mi)Λ(mi)√
mi
φ̂2n
(
logmi
logX
))
+O
(
1
σ22n logX
)
.
Now assume that rE ≥ 1+Cσ2n with some positive constant C. Then, for sufficiently large X,
− 2
logX
∑
mi
âE(mi)Λ(mi)√
mi
φ̂2n
(
logmi
logX
)
≥ Cσ2n
4
.
Therefore,∣∣∣∣{E ∈ E(X)|rE ≥ 1 + Cσ2n }
∣∣∣∣ (Cσ2n4
)2n
≤
∑
E∈E(X)
(
− 2
logX
∑
mi
âE(mi)Λ(mi)√
mi
φ̂2n
(
logmi
logX
))2n
≤
(
σ22n
4
)2n ∑
S2⊂{1,2,3,...,2n}
(
1
2
)|Sc2|
|S2|!
(
1
6
)|S2|/2
|E(X)| +O
(
X
5
6
logX
)
,
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where the second inequality is justified by Propositions 4.2, 4.3, and finally we obtain
P (rE ≥ (1 +C) · 9n) ≤
∑n
k=0
(
2n
2k
) (
1
2
)2n−2k
(2k)!
(
1
6
)k
(C · 9n)2n .
References
[BCD11] A. Balog, A-C. Cojocaru, and C. David, Average twin prime conjecture for elliptic curves, Amer. J. Math.
133 (2011), no. 5, pp.1179–1229. 4
[BS15] M. Bhargava, A. Shankar, Ternary cubic forms having bounded invariants, and the existence of a positive
proportion of elliptic curves having rank 0. Ann. of Math. (2) 181 (2015), no. 2, pp.587–621. 5
[BS] M. Bhargava, A. Shankar, The average size of the 5-Selmer group of elliptic curves is 6, and the average
rank is less than 1, preprint, https://arxiv.org/abs/1312.7859. 5
[Bir68] B. J. Birch, How the number of points of an elliptic curve over a fixed prime field varies, J. London Math.
Soc. 43 (1968), 5760. 20
[Bru92] A. Brumer, The average rank of elliptic curves I, Invent. Math. 109 (1992), no. 3, pp.445–472. 1, 6, 7
[CK15] P. J. Cho, H. H. Kim, n-level densities of Artin L-functions, Int. Math. Res. Not. IMRN (2015), no. 17,
pp.7861–7883. 5, 23
[Cox13] D. A. Cox, Primes of the form x2 + ny2, Fermat, class field theory, and complex multiplication. Second
edition. Pure and Applied Mathematics (Hoboken), John Wiley & Sons, Inc., (2013). 11
[H-B04] D. R. Heath-Brown, The average analytic rank of elliptic curves, Duke Math. J. 122 (2004), no. 3, pp.591–
623. 5, 6
[Mil] S. J. Miller, 1- and 2-level densities for families of elliptic curves: Evidence for the underlying group
symmetries, Thesis (Ph.D.) - Princeton University. 2002. 225 pp. ISBN: 978-0493-55316-0 5, 6, 21
[PPVW19] J. Park, B, Poonen, J. Voight, M. M. Wood, A heuristic for boundness of ranks of elliptic curves, J.
Eur. Math. Soc. 21 (2019), no. 9, pp.2859–2903. 4
[Rub] M. O. Rubinstein, Low-lying zeros of L-functions and random matrix theory, Duke Math. J. 109 (2001),
no. 1, pp.147–181. 5, 23
[Sil] J. H. Silverman, Advanced topics in the arithmetic of elliptic curves, Graduate Texts in Mathematics, 151.
Springer-Verlag, New York, (1994). 22
[Wat08] M. Watkins, Some heuristics about elliptic curves, Experiment. Math. 17 (2008), no. 1, pp.105–125. 3,
11, 12, 14
[You06] M. P. Young, Low-lying zeros of families of elliptic curves, J. Amer. Math. Soc. 19 (2006), no. 1, pp.205–
250. 5
[Won01] W. Wong, On the density of elliptic curves, Compositio Math. 127 (2001), no. 1, pp. 23–54. 4
COUNTING ELLIPTIC CURVES WITH LOCAL CONDITIONS AND ITS APPLICATIONS 27
Department of Mathematical Sciences, Ulsan National Institute of Science and Technology,
UNIST-gil 50, Ulsan 44919, Republic of Korea
E-mail address: petercho@unist.ac.kr
Department of Mathematical Sciences, Ulsan National Institute of Science and Technology,
UNIST-gil 50, Ulsan 44919, Republic of Korea
E-mail address: kyjeong@unist.ac.kr
